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Entropy of hains plaed on the square lattie
Wellington G. Dantas
∗
and Jürgen F. Stilk
†
Instituto de Físia, Universidade Federal Fluminense,
Campus da Praia Vermelha,
Niterói, RJ, 24.210-340, Brazil.
(Dated: 18th November 2018)
We obtain the entropy of exible linear hains omposed of M monomers plaed on the square
lattie using a transfer matrix approah. An exluded volume interation is inluded by onsidering
the hains to be self-and mutually avoiding, and a fration ρ of the sites are oupied by monomers.
We solve the problem exatly on stripes of inreasing width m and then extrapolate our results
to the two-dimensional limit m → ∞ using nite-size saling. The extrapolated results for several
nite values of M and in the polymer limit M →∞ for the ases where all lattie sites are oupied
(ρ = 1) and for the partially lled ase ρ < 1 are ompared with earlier results. These results are
exat for dimers (M = 2) and full oupation (ρ = 1) and derived from series expansions, mean-eld
like approximations, and transfer matrix alulations for some other ases. For small values of M ,
as well as for the polymer limit M →∞, rather preise estimates of the entropy are obtained.
I. INTRODUCTION
The term dimer was introdued in the thirties [1℄ as
an abbreviation for diatomi moleules in a model for
their adsorption on rystal surfaes. Later dimer models
were applied in the study of other physial systems suh
as ferroeletris, and muh is known about their thermo-
dynami properties [2℄. One relevant question in these
models is the entropy assoiated to plaing dimers on a
regular lattie. For the partiular ase of full overing of
the square lattie by dimers, this question was answered
exatly some time ago, using a tehnique based on pfaf-
ans [3, 4, 5℄. However, even the generalization of this
problem for the ase on partial overing of the square lat-
tie is still an open question today, no exat result being
known.
In this paper we address a generalization of the entropy
of dimers problem, onsidering entropy related to over-
ing the square lattie with hains withM monomers eah
(we will all themM -mers), as a funtion of the fration ρ
of sites of the lattie oupied by monomers. The hains
will be onsidered exible, so that there is no energy as-
soiated to bending them. Sine the only energy in the
model is the innite exluded volume interation, whih
forbids the presene of more than one monomer on the
same lattie site, the problem is athermal. It may be a
simple model for the adsorption of monodisperse exible
hains on the surfae of a rystal. Besides the exat so-
lution of the problem for M = 2 and ρ = 1 mentioned
above, other ases were already onsidered in the liter-
ature. Rather preise transfer matrix alulations were
performed in the polymer limit M →∞ for hamiltonian
walks (ρ = 1) [6℄. There are also mean-eld approxima-
tions [7℄, Bethe - and Husimi lattie alulations [8℄, and
series expansions in q−1, where q is the number of rst
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neighbors of eah site in the lattie [9℄, and in those alu-
lations approximate values for the entropy are obtained
for both the full (ρ = 1) and partial (ρ < 1) overage
ases.
In this paper we obtain estimates for the entropy of
exibleM -mers plaed on the square lattie, using trans-
fer matrix tehniques. This is done alulating numeri-
ally exat values for the entropy of the problem on strips
with nite widths m and periodi boundary onditions
and then using nite-size saling to extrapolate the re-
sults to the two-dimensional limit m→∞. We separate
the problem in ases where M is nite or innite (poly-
mer limit). Also, the ase of full overage (ρ = 1) may be
treated separately from the general ase. In the general
ase, it is onvenient to address the problem in an ensem-
ble whih is grand-anonial with respet to the number
of monomers plaed on the lattie, whereas for full over-
age it is easier to perform a miroanonial alulation.
The expressions we used to alulate the entropy are
shown in setion II. The model is disussed in more detail
and the transfer matries are desribed in setion III.
Our results for the entropies may be found in setion IV,
as well as the extrapolation proedure and their results.
Setion V presents nal disussions and onlusions.
II. DETERMINATION OF THE ENTROPY
For the ase of full overage, it is onvenient to obtain
the entropy diretly from Boltzmann's expression
s(ρ = 1) = lim
N→∞
S
NkB
= lim
N→∞
1
N
lnΩ, (1)
where Ω is the number of ways to ll the lattie with
N sites ompletely with M -mers. In the polymer limit
M → ∞, we onsider a single hamiltonian walk, that is,
a self-avoiding walk (SAW) whih visits all sites of the
lattie.
In the general ase where a fration ρ of lattie sites
is oupied by monomers, we dene the grand-anonial
2partition funtion
Ξ(z) =
∑
p
zpMΓ(M,N, p), (2)
where z is the ativity of a monomer and Γ(M,N, p) is the
number of ways to plae p hains withM monomers eah
on the lattie with N sites. For the polymer limit, again
a single SAW is plaed on the lattie and the partition
funtion is dened as
Ξ(z) =
∑
n
znΓ(n,N), (3)
where Γ(n,N) is the number of ways to plae a SAW
with n monomers on the N -site lattie. The density of
monomers may now be written as
ρ(z) = z
d
dz
φ(z), (4)
where the thermodynami potential per lattie site is de-
ned as
φ(z) = lim
N→∞
1
N
ln Ξ(z). (5)
In the thermodynami limit, a Legendre transformation
allows us to rewrite the potential as
φ(z) ∼ max
ρ
{ρ ln z + s(ρ)}, (6)
and thus the entropy may be written as
s(ρ) = −
∫ ρ
0
ln z(ρ′)dρ′, (7)
with s(0) = 0.
III. DEFINITION OF THE TRANSFER
MATRIX
We proeed dening a strip of width m on the square
lattie in the (x, y) plane, so that 1 ≤ x ≤ m and
−∞ ≤ y ≤ ∞, with periodi boundary onditions in both
diretions. A transfer matrix may be built for this prob-
lem, inspired on the presription due to Derrida [10℄ for
innite hains in strips. We thus onsider the operation
of inluding an additional step to the strip in the positive
y diretion,addingm new sites of the lattie. To properly
take into aount the statistial weight of the new step,
we may dene the state of the m vertial bonds of the
lattie whih are inident to the new sites by speifying:
1. The number of monomers already present in the
hain whih passes through the vertial bond (it is
equal to 0 if no hain is present). These numbers
may be put into a vetor |p〉, with m omponents.
It is neessary to keep trak of this information so
that we know when to end eah hain.
2. The pairs of bonds whih are onneted to eah
other through a path lying entirely below the refer-
ene line (see gure 1). These pairs may be also be
speied by a m-omponent vetor |v〉, assoiating
a dierent positive integer to eah pair of onneted
bonds and 0 to the ones whih are not onneted
to any other. This onnetivity information pre-
vents us from losing a ring at any level, sine this
onguration is not allowed in the model.
RL
y
−1
y
0
Figure 1: Example of a state for m = 4 vertial bonds. The
referene line indiates the set of vertial bonds whose ong-
uration is desribed.
As an example of these denitions, we onsider the ase
of pentamers (M = 5) plaed on a strip of width m = 4.
Among the possible ongurations of a set of vertial
bonds, the one depited in gure 1 is desribed by the
vetors |v〉 = (0, 1, 1, 0) and |p〉 = (1, 2, 2, 0). Elements
of the line assoiated to this state of the transfer matrix
T are obtained onsidering the possible ontinuations of
the state {|v〉, |p〉} one step upwards, as shown in two
examples in gure 2. The resulting state in gure 2.a
is desribed by the vetors |v〉 = (0, 0, 0, 0) and |p〉 =
(2, 0, 4, 0), while the nal state in gure 2.b orresponds
to the vetors |v〉 = (0, 0, 0, 0) and |p〉 = (2, 0, 0, 0). Eah
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(a)
RL
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(b)
Figure 2: Possible ontinuations (referene line RL') following
the onguration depited in 1 (referene line RL).
monomer plaed on a site between the two sets of ver-
tial bonds ontributes with an ativity z to the parti-
tion funtion, so that the element of the transfer matrix
whih orresponds to the rst onguration is equal to
z3, while the seond onguration is assoiated to an ele-
ment equal to z4 in the transfer matrix. Only the seond
onguration ontributes in the ase of full oupany.
For the polymer ase M → ∞, a single hain passes
through the whole strip, so that it is enough to desribe
3the onnetivity at a partiular set of m vertial bonds
by indiating the bond whih is onneted to the initial
monomer of the hain (in y → −∞) and the pairs of
bonds onneted to eah other, exatly as was done in
the original work of Derrida [10℄. Thus, a single vetor
|v〉 is enough to desribe the state in this limit.
One the transfer matrix T is obtained, the entropy of
the model on the strip in the thermodynami limit is re-
lated to the largest eigenvalue of the matrix. For the ase
of full oupany (ρ = 1), the number of ongurations
is given by
Ω = Tr(T ′
l
), (8)
where N = ml is the number of sites and the elements of
the matrix T ′ are dened by the limit
T ′i,j = lim
z→∞
Ti,j
zm
. (9)
The entropy is then related to the largest eigenvalue λ
′
of this matrix, so that
s(ρ = 1) =
1
m
lnλ
′
. (10)
For the general ase, where a fration ρ of lattie sites
are oupied by monomers, the grand-anonial partition
funtion is related to the transfer matrix through
Ξ(z) = Tr(T l), (11)
and thus the density ρ(z) will be
ρ(z) = lim
N→∞
z
N
d
dz
lnΞ(z) =
z
m
d
dz
lnλ, (12)
where λ is the largest eigenvalue of the transfer matrix
T . This relation may be inverted to obtain the entropy
as a funtion of the density using equation 7.
IV. NUMERICAL RESULTS
The size of the transfer matrix inreases very fast with
both the moleular weight M and the width m of the
strip grow. This sets an upper limit to the widths we
were able to onsider for eah hain of a given moleular
weight. Figure 3 shows this eet, and in the inset one
may appreiate that the growth of the transfer matrix is
roughly exponential.
Furthermore, as was already observed in similar al-
ulations for polymers [11℄, the values of the entropy for
eah lass of M -mers are split into subsets with dier-
ent nite-size saling behavior in eah subset aording
to the width of the strips, so that extrapolations must
be done within eah subset. These splitting seems to be
related to frustration eets in the limit of the fully o-
upied lattie and the subsets are indiated in table I,
where all the widths we onsidered are given.
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Figure 3: Dimension of the transfer matrix as a funtion of
the moleular weight (m = 2) and width of the strip (M = 2),
respetively.
The data of eah subset were extrapolated to the two-
dimensional limit m → ∞ using the Shanks transfor-
mation [12℄, sine we expet nite-size orretions to be
exponential. Sine at least three values for the entropy
are needed in a subset to obtain an estimate for the two-
dimensional entropy and its ondene interval, not all
subsets may be extrapolated, so that, for example, no es-
timate ould be found for hexamers (M = 6), where we
alulated entropies for widths up to m = 7. The nal
estimate was hosen to be the highest possible extrap-
olant, and the error assoiated to it was obtained from
the previous generation of extrapolants, through
ǫ = lim
l′→∞
2|sl′−1 − sl′+1|. (13)
The extrapolated values of the entropies for ρ = 1 and
their unertainties are displayed in table II, together with
values obtained with other tehniques and best values
found in the literature.
Our results may be ompared with other values in the
literature. One may notie that the mean-eld estimates
are systematially smaller than the values obtained here,
but no suh general trend is apparent for the Bethe- and
Husimi lattie results. The estimate for dimers agrees
with the exat value obtained by Fisher, Temperley and
Kasteleyn [3, 4, 5℄, and the entropy for hamiltonian walks
(M →∞) is onsistent with both transfer matrix alu-
4Table I: Entropies alulated for eah M -mer, divided in sub-
sets with the same nite-size saling behavior
Moleular weight Entropies of eah subset
M = 2
{s′1} = {s2, s4, s6, ..., s14}
{s′2} = {s3, s5, s7, ..., s13}
M = 3
{s′1} = {s3, s6, s9, s12}
{s′2} = {s2, s4, s5, s7, s8, s10, s11}
M = 4
{s′1} = {s4, s8}
{s′2} = {s2, s6, s10}
{s′3} = {s3, s5, s7, s9}
M = 5
{s′1} = {s5}
{s′2} = {s2, s3, s4, s6, s7, s8}
M = 6
{s′1} = {s6}
{s′2} = {s3}
{s′3} = {s2, s4}
{s′4} = {s5, s7}
M = 7
{s′1} = {s2, s3, s4, s5, s6}
M = 8
{s′1} = {s4}
{s′2} = {s2}
{s′3} = {s3, s5}
M = 9
{s′1} = {s3}
{s′2} = {s2, s4}
M →∞
{s′1} = {s2, s4, s6, ..., s12}
{s′2} = {s3, s5, s7, ..., s13}
lations [6℄ and the result of series expansions up to third
order in q−1 [13℄, whih is s∞ ≈ 0.38629.
Another relevant question is the value of the moleular
weight whih maximizes the entropy at full oupany.
Mean-eld and Bethe lattie results show maximum en-
tropy at M = 8 for a lattie with oordination number
q = 4 [7, 8℄, while series up to seond order in q−1 on the
square lattie result in a maximum entropy at M = 7.
Our results suggest that this maximum atually ours
at M = 4 on the square lattie, if we suppose that that
only one maximum exists in the urve s(ρ = 1)×M and
also disregard the value obtained for M = 7 due to the
large unertainty assoiated to it.
For partial oupany of the lattie, the results are
similar to the ones shown in gure 5 for the entropy of
dimers as a funtion of the fration of oupied lattie
sites ρ. For all the ases we onsidered the entropy dis-
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Figure 4: Entropy at full oupany of the lattie as a funtion
of the moleular weight M
plays a single maximum. The density at whih this maxi-
mum ours inreases with M , getting loser to ρ ≈ 0.79,
the value found in the polymer limit. The densities and
maximum entropies are listed in table III, and it may be
notied that the largest value for the maximum entropy
ours for tetramers, as was also found for ρ = 1.
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Figure 5: Entropy for dimers as a funtion of the density. In
the inset, results of values obtained in this work are ompared
with results from series expansion [9℄ and Bethe lattie [8℄
alulations.
In the polymer limit M → ∞, the model of a poly-
mer plaed on a strip in the grand-anonial ensemble
displays a rst order phase transition at a ritial ativ-
ity zc, with the oexistene of a non-polymerized phase
(ρ = 0) and a polymerized phase (ρ = ρc > 0) [14℄. As
the width m of the strip is inreased, the disontinuity in
the density at the transition beomes smaller and in the
5Table II: Entropy of M -mers on the square lattie for full overage (ρ = 1) obtained through dierent tehniques
M MF Bethe Series Transfer Matrix Best value
2
0.19315 0.26162 0.26867 0.29120± 0.00071 0.29156
3
0.39268 0.42284 0.41699 0.41201± 0.00002
4
0.46301 0.48166 0.48889 0.51486± 0.0045
5
0.49229 0.50669 0.51008 0.49917± 0.00091
7
0.51008 0.52217 0.52170 0.54770± 0.15301
M →∞
0.3863 0.4055 0.4090 0.3870± 0.0009 0.3866
Table III: Maximum values of the entropy as a funtion of the
density.
M density of maximum entropy maximum entropy
2 0.64 0.66
3 0.71 0.70
4 0.76 0.74
5 0.76 0.73
7 0.78 0.72
M →∞ 0.79 0.56
two-dimensional limit m → ∞ a ontinuous transition
is found at zc ≈ 0.3790522 [15℄. The entropy of a poly-
mer on a strip of nite width is therefore not dened for
ρ < ρc, as may be seen in gure 6, where the extrapolated
value of the entropy as a funtion of the density for poly-
mers is depited. As larger widths are onsidered, the
step in the entropy dereases and in the two-dimensional
limit we have s(ρ = 0) = 0.
V. CONCLUSION
In this paper we estimate the entropy of hains withM
monomers eah plaed on the square lattie as a funtion
of the fration ρ of lattie sites oupied by monomers.
The estimates were obtained by extrapolating numeri-
ally exat values for the entropy on strips of nite widths
m, alulated using a transfer matrix approah, to the
two-dimensional limit m→∞.
A partiular ase where results may easily be obtained
analytially is the one dimensional problem (m = 1). In
this ase, the dimension of the transfer matrix T is equal
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ρ
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Figure 6: Entropy of polymers as a funtion of the density.
The squares orrespond to extrapolations of the values on
strips of nite widths and the full line is the result for a strip
of width m = 7.
to M , and we have
Ti,j = δi,1δj,1 + z(δi+1,j + δi,Mδj,1), (14)
where 1 ≤ i, j ≤ M . One may easily obtain the seular
equation of this matrix, whih is
λM − λM−1 − zM = 0. (15)
The density may then be found as a funtion of the
largest eigenvalue λ through using the seular equation
above and also expression 12. One obtains
λ =
1− αρ
1− ρ
, (16)
6where α = (M − 1)/M . Then the entropy may be found
by performing the integration in equation 7 hanging the
integration variable from ρ to λ. The result is
s = (1− αρ) ln(1− αρ)− (1− ρ) ln(1− ρ) +
− ρ(1− α) ln[ρ(1− α)]. (17)
This result is equal to the expression whih is obtained
if the oordination number of the Bethe lattie result
(expression 22 in [8℄) is taken equal to 2. The entropy in
the one-dimensional ase vanishes, as expeted, for ρ = 1,
and the maximum is loated at a value of the density
whih is equal to 1/2 for monomers (α = 0) inreasing
monotonially with α and approahing 1 in the polymer
limit α → 1 (gure 7), where the entropy vanishes for
all values of ρ. The value of the maximum entropy is a
dereasing funtion of α.
0 0.2 0.4 0.6 0.8 1
M−1
0.5
0.55
0.6
0.65
0.7
ρ m
a
x
Figure 7: Density of maximum entropy as a funtion of 1/M .
For a given value of M , the density whih maximizes
the entropy is obtained through he equation
(1− αρ)−α(1 − ρ)[ρ(1− α)]−(1−α) = 1 (18)
On the square lattie, our alulations indiate that
the absolute maximum of the entropy sM (ρ) ours for
tetramers (M = 4). In the one-dimensional ase, the
maximum entropy of sM (ρ) is a monotonially dereas-
ing funtion of M , the absolute maximum s1(1/2) =
ln(2) being obtained for monomers and approahing 0
as M →∞.
Finally, the problem of M -mers onned inside strips
of nite width with losed boundary onditions, is an
interesting extension of earlier work done in the polymer
limit [16℄.
Aknowledgments
This researh was partially supported by the Brazilian
agenies CAPES, FAPERJ and CNPq, whose assistane
is gratefully aknowledged.
[1℄ R. H. Fowler and G. S. Rushbrooke, Trans. Faraday So.
33, 1272 (1937).
[2℄ J. F. Nagle, C. S. O. Yokoy and S. M. Bhattaharjee in
Phase Transitions and Critial Phenomena, vol 13, ed.
by C. Domb and J. Lebowitz, Aademi Press (1989).
[3℄ M. Fisher, Phys. Rev.124, 1664 (1961).
[4℄ P. W. Kasteleyn, Physia29, 1329 (1962).
[5℄ H. N. V. Temperley and M. Fisher, Philos. Mag. 6, 1061
(1961).
[6℄ B. Duplantier and H. Saleur, Nul. Phys. 290, 291
(1987).
[7℄ P. J. Flory, Priniples of polymer hemistry, Cornell Uni-
versity Press, (1953).
[8℄ J. F. Stilk and M. J. de Oliveira, Phys. Rev. A 45, 5955
(1990).
[9℄ A. Nemirovsky and M. D. Coutinho, Phys. Rev. A 39,
3120 (1989).
[10℄ B. Derrida, J. Phys. A, 14, L5 (1981).
[11℄ T. G. Shmaltz, G. E. Hite and D. J. Klein, J. Phys. A,
17, 445 (1984).
[12℄ M. N. Barber, PTCP,8, 146 (1983).
[13℄ S. Lise, A. Maritan and A. Pelizzola, Phys. Rev. E, 58,
5241 (1998).
[14℄ P. M. Pfeuty and J. C. Wheeler, Phys. Rev. A 27, 2178
(1983).
[15℄ A. R. Conway and A. J. Guttman, Phys. Rev. Lett., 26,
5284 (1996).
[16℄ J. F. Stilk, Europhys. Lett. 40, 19 (1997); J. F. Stilk,
Physia A 257, 233 (1998); J. F. Stilk and K. D.
Mahado, Eur. Phys. J. B 5, 899 (1998).
